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The nucleon sigma term of the isoscalar and isovector quark chromo-magnetic dipole moments
are essential inputs for the determination of the CP-odd pion-nucleon couplings induced by quark
chromo-electric dipole moments. We demonstrate that the former can be mapped to the third
moment of the nucleon twist-three chiral-odd distribution functions eq(x) which are in principle
measurable in semi-inclusive deep inelastic scattering processes. We perform a survey on existing
model calculations as well as experimental data on eu(x) + ed(x) and derive a predicted range for
the isoscalar chromo-magnetic dipole moment sigma term.
The existence of a significant amount of CP-violation—
much stronger than that supplied by the complex phase
in the Cabibbo-Kobayashi-Maskawa (CKM) matrix—in
fundamental interactions constitutes one of the three
conditions [1] necessary to account for the observed
baryon-antibaryon asymmetry in the universe [2]. This
triggers world-wide experimental searches of new CP-
violating sources. They include, in the lepton sector, the
Dirac phase in the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix that enters neutrino oscillations as well
as the Majorana phases [3, 4] that can be probed in neu-
trinoless double beta decays. In the hadronic sector, spe-
cial attention is paid to the permanent electric dipole
moments (EDMs) of hadrons, nuclei and atoms.
The precise calculations of low-energy matrix elements
of strongly-interacting bound states associated to the
CP-violating observables are often crucial in translat-
ing the results of the above-mentioned searches into con-
straints on the CP-odd sector in the Beyond Standard
Model (BSM) physics. These calculations are, however,
very challenging due to the non-perturbative nature of
Quantum Chromodynamics (QCD) at the hadronic scale.
Although in some cases lattice QCD offers a convinc-
ing first-principle approach to the problem, the technical
complexities of such calculations may greatly vary de-
pending on the details of the desired matrix elements. An
alternative approach is to relate the hadronic matrix el-
ements of interest to experimental observables. A classic
example of this kind is the relation between the nucleon
tensor charges δq and the first moment of the quark’s
transversity distribution function hq1(x) [5, 6]. The lat-
ter probes the difference in probability for a quark to
be polarized parallel or anti-parallel to a transversely-
polarized hadron and can be measured in experiment.
The observation of such a relation is extremely impor-
tant as it turns the purely theoretical challenge of the
δq calculation into an experimental problem. In fact, it
stimulated a number of experiments to extract the ten-
sor charges through semi-inclusive deep inelastic scatter-
ing (SIDIS), semi-inclusive e+e− annihilation, and pi0/η-
exclusive electroproduction [7–10].
In this Letter we extend the idea above to the study
of long-range CP-odd nuclear interactions induced by
the dimension-5 quark chromo-electric dipole moment
(cEDM) operators. These interactions are interesting
because in many cases they are the main contribu-
tors to EDMs of multi-nucleon systems [11–14]. Chi-
ral symmetry relates the CP-odd pion-nucleon couplings
to nucleon matrix elements of the form 〈N | q¯q |N〉 and
〈N | q¯σ · Gq |N〉 as we shall discuss later. The first ma-
trix element is just the ordinary QCD sigma term which
is studied extensively using lattice QCD and dispersion
relation. The second, on the other hand, represents the
nucleon matrix element of the quark chromo-magnetic
dipole moment (cMDM) which is much harder, and its
full lattice calculation is not yet available.
We shall offer here a novel starting point to the prob-
lem by relating 〈N | q¯σ ·Gq |N〉 to a special class of exper-
imental observables, namely, the chiral-odd twist-three
distribution function eq(x) which can be probed in SIDIS
experiments. This is interesting because it represents yet
another nice interplay between three distinct branches of
physics: (1) the precision frontier in BSM searches, (2)
experimental studies of hadronic and nuclear structures
and (3) lattice QCD. It points out another direction in
the research of hadronic CP-violation apart from the con-
ventional lattice or low-energy QCD model approach and
provides extra motivation for the future improvement of
experimental measurement of higher-twist observables.
These experiments will also serve as a consistency check
of the lattice result when the latter is available.
We start by considering a two-flavor QCD Lagrangian
with the inclusion of a non-zero θ-term as well as the
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2quark cEDM operators:
L = LQCD− igs
2
Q¯σµνGµν d˜CEγ5Q− θ¯
32pi2
GaµνG˜
aµν , (1)
with Q = (u, d)T the isospin doublet quark field, Gaµν the
gluon field strength tensor, G˜aµν ≡ (1/2)εµναβGaαβ its
dual tensor, θ¯ the QCD-θ term and d˜CE = diag(d˜u, d˜d)
the cEDM coupling matrix. Sources of explicit chiral
symmetry breaking (CSB) in the Lagrangian are the
quark mass matrix M = diag(mu,md) and the cEDM
matrix d˜CE . Upon performing an anomalous U(1)A-
rotation followed by a non-anomalous SU(2)A-rotation
that aligns the vacuum [15–20], one absorbs all the CP-
odd interactions into two explicit CSB terms in the La-
grangian:
LCSB = −Q¯RMQL + igs
2
Q¯Rσ
µνGµν d˜CEQL + H.C. (2)
among which the complex quark mass matrix M is de-
fined as M ≡M+ im∗(θ¯ − θ¯ind) + rd˜CE where
m∗ =
m¯(1− ε2)
2
, r =
1
2
〈0|Q¯gsσµνGµνQ|0〉
〈0|Q¯Q|0〉 ,
θ¯ind = rTr
[
M−1d˜CE
]
. (3)
Here we have introduced the average quark mass m¯ =
(mu + md)/2 and the relative quark mass difference
ε = (md − mu)/(2m¯). Similarly we shall also de-
fine the isoscalar and isovector cEDM constants d˜0,3 ≡
(d˜u± d˜d)/2. Notice that if the Peccei-Quinn (PQ) mech-
anism [21] is at work, then θ¯ relaxes to θ¯ind and simplifies
the expression of M above.
In a low-energy effective theory of hadrons, the pres-
ence of the above-mentioned CP-violating sources in-
duces long-range CP-violating nuclear forces through the
following pion-nucleon couplings:
LN = − g¯0
2Fpi
N¯τ ·piN − g¯1
2Fpi
pi0N¯N − g¯2
2Fpi
pi0N¯τ
3N + . . . ,
(4)
where N = (p, n)T is the nucleon isospin doublet and
Fpi ≈ 92.2 MeV is the pion decay constant. The con-
struction of numerically-precise relations between g¯I and
d˜i is currently a central question to both the precision
frontier and the hadron physics community. It is well-
known that these couplings could be related to the nu-
cleon mass shifts induced by the quark masses and the
cMDM operators [16, 20, 22–26] through chiral symme-
try. In particular, Ref. [27] suggests the following form
of matching (PQ symmetry is assumed for simplicity):
g¯0 = d˜0
(
σ3C +
rσ3
m¯ε
)
, g¯1 = −2d˜3
(
σ0C −
rσ0
m¯
)
, (5)
(g¯2 is always of higher order and is neglected) where we
define the isoscalar and isovector QCD sigma terms σ0,3
and cMDM sigma terms σ0,3C of a proton state |P 〉 (with
momentum Pµ) as follows1:
σ0 ≡ m¯
2mN
〈P | Q¯Q |P 〉 , σ3 ≡ m¯ε
mN
〈P | Q¯τ3Q |P 〉
σ0C ≡
1
4mN
〈P | Q¯gsσµνGµνQ |P 〉
σ3C ≡ −
1
2mN
〈P | Q¯gsσµνGµντ3Q |P 〉 (6)
with mN the nucleon mass. The relations in Eq. (5) are
preserved exactly by one-loop corrections in chiral per-
turbation theory. The matchings are violated by O(p4)
counterterms but the amount of violation is in general
not larger than 10%.
It is instructive to write Eq. (5) as
g¯I = g¯I |dir + g¯I |vac, (7)
i.e. to split g¯I into the sum of “direct” and “vacuum
alignment” contribution, which correspond to the first
and second term at the right side of Eq. (5) respectively;
the direct contribution depends on σ0,3C while the vacuum
alignment contribution depends on σ0,3 as well as the vac-
uum condensate ratio r and the current quark masses.
Parameters in g¯I |vac are rather extensively studied: for
instance, simulations with Nf = 2 provide numerical es-
timations for the isoscalar and isovector quark mass pa-
rameters and sigma terms: m¯ ≈ 3.6 MeV, ε ≈ 0.33,
σ0 ≈ 37 MeV and σ3 ≈ 2.9 MeV [28–30]2 which are
also confirmed by more recent lattice calculations [31–
33]. The isoscalar sigma term σ0 may also be extracted
from low-energy piN -scattering, but the outcomes are in
general much larger than the lattice result (see [34] and
references therein). Meanwhile a rough estimate of the
vacuum condensate ratio r may be obtained from the
QCD sum rule: r ≈ 0.4 GeV2 [22, 35]. It however drops
out when we construct the ratio between the vacuum
alignment contribution to g¯0 and g¯1:
g¯0
g¯1
∣∣∣∣
vac
=
σ3
2εσ0
d˜0
d˜3
≈ 0.12 d˜0
d˜3
. (8)
That is, if we neglect the direct contribution and assume
that d˜0 ∼ d˜3, then one may conclude that g˜1  g˜0.
With that said, we still cannot claim to have a com-
plete understanding of g¯I without knowing the precise
values of the cMDM sigma terms σ0,3C that show up in
g¯I |dir. Unlike the QCD sigma terms, the lattice study of
1 We choose the normalization of the state as 〈P |P ′〉 =
(2pi)32EP δ
3(~P − ~P ′). Here we also point out two typos in Eq.
(34) of Ref. [27]: there should be a factor of 2 and -2 multiplied
to 〈p|q¯τ3q|p〉 and 〈p|gsq¯σµνGµντ3q|p〉 respectively.
2 The quark mass parameters are evaluated at µ = 2 GeV whereas
the sigma terms are scale-invariant.
3cMDM sigma terms is still in progress and the final result
is not yet available [36]. As mentioned earlier, we shall
derive here a matching between σ0,3C and the chiral-odd
twist-three distribution function eq(x). We start by re-
viewing the basic properties of eq(x) of which details can
be found in [37] and references therein. First, for a pro-
ton state |P 〉, eq(x) can be written as the matrix element
of a quark bilinear with light-cone separation [5, 6]:
eq(x) =
1
2mN
∫
dλ
2pi
eiλx〈P |q¯(0)[0, λn]q(λn)|P 〉. (9)
where nµ is a basis vector on the light cone and [0, λn]
is the gauge link operator. This function is non zero at
−1 ≤ x ≤ 1 and satisfies eq(−x) = eq¯(x). The scalar
bilinear operator q¯(0)[0, λn]q(λn) could be decomposed
by the mean of operator identity [38–41] which leads to
the decomposition of eq(x) in terms of the “singular”,
“pure twist-three” and “quark mass” terms:
eq(x) = eqsing(x) + e
q
tw3(x) + e
q
mass(x) (10)
where the explicit form of each term can be found in
Ref. [37]. For later convenience, we shall also define the
(n+1)-th Mellin moment of a distribution function F (x)
as
Fn ≡
∫ 1
−1
dxxnF (x). (11)
Here the integral over x ranges from -1 to 1 so it includes
simultaneously the effect of the parton and anti-parton.
We are particularly interested in the third moment of
eq(x) that is contributed only by the quark mass term
and the pure twist-three term: [40, 42–44]: eq2 = e
q
2,mass+
eq2,tw3 where
eq2,tw3 =
1
4mN (P+)2
2∑
i=1
〈P |q¯(0)σ+igsG+i(0)q(0)|P 〉
eq2,mass =
mq
mN
fq1 . (12)
Here the light-cone components of a four-vector aµ are
defined as a± = (1/
√
2)(a0 ± a3). Notice that the third
moment of eqmass is related to the second moment of the
ordinary unpolarized quark distribution function fq(x).
We shall now argue that the third moment of eq(x) is con-
tributed mainly by eqtw3(x). First of all, e
q
2,mass receives
a current quark mass suppression: m¯/mN ∼ 4×10−3; at
the same time, both experiments and lattice simulations
suggest fu,d1 ∼ 10−1 at the hadron scale [45]. These to-
gether give eq2,mass ∼ 10−3 − 10−4. On the other hand,
since eq2 is boost-invariant in the z-direction, we may work
in the proton rest frame where P+ = mN/
√
2. The or-
der of magnitude of eq2,tw3 can be roughly estimated using
na¨ıve dimensional analysis (NDA) [46, 47]:
eq2,tw3 ∼
1
2m3N
× αs
4pi
Λ3χ (13)
where αs = g
2
s/4pi and Λχ ∼ 1 GeV is the so-called CSB
scale. To get a feeling, we take αs ≈ 0.5 at µ = 1 GeV in
MS-scheme [48]; that gives eq2,tw3 ∼ 10−2 which is at least
an order of magnitude larger than eq2,mass. Therefore, it
is reasonable to assume that eq2 is dominated by the pure
twist-three contribution:
eq2 ≈ eq2,tw3. (14)
Finally, the renormalization group (RG) evolution of
eq(x) and its moments were studied in several papers
[40, 42, 43]. For the third moment which is particularly
important for us, we shall adopt an improved evolution
formula including the 1/N2c corrections [43] in the chiral
limit:
eq2(µ) =
(
αs(µ)
α(µ0)
)6.11/b
eq2(µ0). (15)
where b = (11Nc − 2Nf )/3.
Now we shall demonstrate that the third moment of
eq(x) is connected to the cMDM sigma terms defined in
Eq. (6). This can be seen by considering the following
parameterization of the (spin-averaged) q¯σ · Gq matrix
element:
〈P |q¯(0)gsGαµ(0)σ να q(0)|P 〉 = AqmN (m2Ngµν − PµP ν)
+BqmNP
µP ν , (16)
where Aq and Bq are dimensionless, scale-dependent in-
variant matrix elements. The cMDM sigma term obvi-
ously depends on both Aq and Bq:
〈P |q¯(0)gsGαµ(0)σαµq(0)|P 〉 = 3Aqm3N +Bqm3N . (17)
On the other hand, eq2,tw3 depends on another combina-
tion of Aq and Bq:
eq2,tw3 =
Aq −Bq
4
. (18)
Combining with the approximation in Eq. (14) we thus
obtain:
σ0C ≈ m2N
(
3(eu2 + e
d
2) +B
u +Bd
)
σ3C ≈ −2m2N
(
3(eu2 − ed2) +Bu −Bd
)
. (19)
This is the central result of the Letter: the cMDM
sigma terms σ0,3C are related to the third moment of
eu,d(x), barring the two unknown constants Bu,d that
vanish in the non-relativistic (NR) limit. The latter
can be seen by working in the nucleon’s rest frame (i.e.
Pµ = (mN ,~0)) and realizing that in the NR limit the
quark bilinear q¯σ να q is non-zero only when α, ν 6= 0.
That is, the right side of Eq. (16) must be zero when
µ = ν = 0, and this can be achieved only if Bq = 0.
It is well-known that the symmetry relations obtained
from NR quark models are identical to those implied by
4eu2 + e
d
2 σ
0
C · GeV−2
Bag Model[6] 0.032 0.085
Spectator Model[51] 0.042 0.11
χQSM[54] 0.063 0.17
LFCQM[57, 58] 0.11 0.29
Table I: Model predictions for the third moment of eu(x) +
ed(x) in a proton evolved to µ = 1 GeV using Eq. (15), and
the implied value for σ0C at the same scale using Eq. (19) with
the subdominant terms Bu,d neglected.
spin-flavor symmetry, which is a direct consequence of
the large Nc-expansion [49]. Therefore, the terms B
q are
subdominant and we shall neglect them in our numeri-
cal analysis henceforth. Under this assumption one could
determine the cMDM sigma terms σ0,3C through the pre-
cise experimental measurement of eu,d(x) in analogy to
the acquirement of the nucleon tensor charge δq from the
transversity distribution function hq1(x).
Before diving into experiments, it is instructive to first
gain some insights from various QCD models such as the
bag model [6, 50], spectator model [51], chiral quark-
soliton model (χQSM) [52–54] and light-front constituent
quark model (LFCQM)[55–57]. The shape of eq(x) is
plotted for each model which allows us to deduce the
third moment of the isosinglet combination eu(x)+ed(x)
and evolve it to µ = 1 GeV, as summarized in Table
I. Note that the outcomes are consistent with the NDA
in Eq. (13) which is reassuring. With these results, we
deduce the implied isosinglet cMDM sigma term σ0C using
Eq. (19) (neglecting Bu,d). This provides us a range of
model-predicted values of σ0C as (0.085−0.29) GeV2. We
may use this to compare the relative importance between
the “direct” and “vacuum alignment” contribution to g¯1:
g¯1|dir
g¯1|vac = −
m¯
σ0
σ0C
r
≈ −0.63 (eu2 + ed2) = −(0.02− 0.07),
(20)
where we have taken the lattice value for m¯, σ0 and the
sum-rule estimation of r as described above Eq. (8); the
outcome implies that the “vacuum alignment” contribu-
tion to g¯1 dominates over the direct contribution. The
readers should however be alerted that such conclusion
relies critically on the values of m¯, σ0 and r; for instance,
if for some reason the actual value of the vacuum ratio r
is a few times smaller than the sum-rule prediction, then
g¯1|dir could turn out to be comparable to g¯1|vac.
Finally, we may explore the implications on σ0C from
current experimental data. We find two existing articles
that attempted for the extraction of eq(x) from exper-
iment: Refs. [59, 60] among which only the former is
published in a peer-reviewed journal, and therefore we
shall use it to obtain an estimate of eu2 + e
d
2. In Ref. [59],
the combination e(x) ≡ eu(x) + (1/4)ed¯(x) at the scale
Q2 = 1.5 GeV2 was extracted from the azimuthal asym-
metry ALU in the SIDIS process ep→ epi+X which was
measured by the CLAS Collaboration [61]. Such extrac-
tion required the knowledge of the Collins fragmentation
function H⊥1 which was deduced from the HERMES data
[62–64].
It is non-trivial to translate the outcome in Ref. [59]
into our desired third moment of eu(x) + ed(x) due to
two reasons: (1) the measured combination e(x) is not
isoscalar and (2) there are altogether only four mea-
sured data points which lie within 0.18 < x < 0.37.
Therefore, extra assumptions are needed in order to ex-
tract the most information out of it. First, we assume
ed(x) ≈ eu(x) that holds in the large Nc limit [37] (which
implies σ3C  σ0C). Second, we adopt a simple Gaussian-
like parameterization of eu(x):
eu(x) = A exp
{
− (x− x0)
2
2σ2
}
(21)
which qualitatively describes most of the model predic-
tions. The parameters {A, x0, σ} are to be fitted to ex-
perimental data.
Our fitting proceeds as follows. First, we fit the four
data points using the parameterization in Eq. (21) which
returns a best-fitted value of x0 ≈ 0.15, in rough agree-
ment with the phenomenological model predictions. Next
we fix x0 = 0.15 and repeat the fit to obtain the two re-
maining parameters: A = 2.08±0.54 and σ = 0.15±0.03;
the fitted curve is shown in Fig. 1. With these we may
compute the third moment of eu(x)+ed(x) by varying A
and σ within their respective allowed regions, which then
gives 0.03 < eu2 + e
d
2 < 0.13 at Q
2 = 1.5 GeV2. With our
master formula (19), it implies:
σ0C = (0.08− 0.34) GeV2, Q2 = 1.5 GeV2, (22)
consistent with the model-predicted range, which is not
surprising because the fitting function (21) itself is model-
inspired. The result above is obviously preliminary, but
it points towards the possibility of a much more precise
determination of the cMDM sigma terms with the future
accumulation of more data points of eq(x), especially in
the large-x region that weights more in the calculation of
its third moment.
In summary, we establish a connection between the
chiral-odd twist-three distribution functions eq(x) and
the cMDM sigma terms σ0,3C that are important in the
discussion of long-range hadronic CP-violation and were
once thought to be only obtainable by performing non-
perturbative calculations such as lattice QCD. The rela-
tion is obtained by separating eq(x) into the “singular”,
“pure twist-three” and “quark mass” terms and investi-
gating the structure of their third Mellin moment. There
are two major assumptions in arriving at a practically
useful matching: (a) eq2 ≈ eq2,tw3 in Eq. (14) and (b)
Bq → 0 in Eq. (19). While (a) is more justifiable, the
assumption (b) may result in a systematic error of order
5Figure 1: Simple fit to the CLAS result of e(x) = eu(x) +
(1/4)ed¯(x) [59] using x0 = 0.15, A = 2.08 and σ = 0.15.
O(1/Nc); one should however be reminded that a de-
termination of the cMDM sigma terms with a (20-30)%
accuracy will already represent a non-trivial achievement
at this stage. The function eq(x) can be probed, for in-
stance, through the measurement of the azimuthal asym-
metry ALU of a single-hadron SIDIS ~lN → l′hX or a di-
hadron SIDIS ~lN → l′h1h2X between a longitudinally-
polarized lepton and an unpolarized nucleon target. Fu-
ture improvements in the precision of such measurements
covering a wider region of x will therefore bring benefits
not only to the understanding of nuclear structure, but
also to the precision frontier in BSM searches and to the
lattice QCD community.
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